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Abstract –Through the preliminary sensitivity analysis, eight factors are selected as 
the important uncertainty sources for the uncertainty of maximum fuel temperature 
calculation, such as total reactor power, spatial distribution of decay heat of the 
zone in which the fuel temperature rise to the maximum, decay heat production rate 
and so on. Two uncertainty analysis method, Root Mean Square (RMS) method and 
sampling statistics method, have been used, and compared, to get the final 
uncertainty value for the maximum fuel temperature of HTR-PM during 
depressurized loss of forced cooling (DLOFC) transient. Numerical results show 
that the uncertainty of maximum fuel temperature calculated from two methods is 
almost same. The mean value of maximum fuel temperature of HTR-PM is 1494℃ 
and the two standard deviation uncertainty is between±76.6℃ (5.13%) and±
79.4℃(5.32%) using sampling statistics method and the two standard deviation 
uncertainty is±79.4℃(5.32%) using RMS method. In this paper the mathematical 
mechanism analysis of the difference between the two methods and system 
characteristics have been studied. Analysis shows that the results will be same in the 
condition of uncorrelated input parameters and linear system and RMS method may  
give wrong uncertainty information in other situations. 

 
 

I. INTRODUCTION 
 
Modular HTR such as the Chinese demonstration 

plant HTR-PM is designed to retain its fission 
products inside the fuel coatings even if all active 
components for decay heat removal and reactivity 
control should fail. One way to reach this goal is to 
make sure that the maximum fuel temperature during 
accident condition should not exceed the 
technological limit of 1620°C. Maximum fuel 
temperature under accident condition is the most 
important parameter of inherent safety of HTR-PM. 
The maximum fuel temperature is about 900°C 
under normal operating conditions, which is far from 
the normal operation condition limit of 1200°C and 
the accident limit value of 1620°C. The decay heat 
will be removed from the HTR-PM core by physical 
ways such as heat conduction and radiation during 
depressurized loss of forced cooling accident 

(DLOFC). Accounting for this may lead a maximum 
accident fuel temperature. For other accidents the 
fuel temperature is much lower than the fuel 
temperature during DLOFC because of the presence 
of helium with a certain pressure, which can enhance 
the ability of heat transfer in the HTR-PM core and 
flatten the temperature distribution depend on the 
helium natural circulation and heat conduction even 
if there is no forced flow[1]. At the same time, 
understanding uncertainties in the maximum fuel 
temperature calculation is important for improving 
the reliability of the results, identifying the 
importance of uncertainty parameters and ensuring 
appropriate design margins. Then it can be decided 
where additional efforts should be undertaken to 
reduce uncertainties in modeling and to improve the 
design itself. Therefore, the uncertainty in the 
calculated maximum fuel temperature is one of the 
most important and interesting parameters. 
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II. UNCERTAINTY QUANTIFICATION 
METHODS 

 
II.A. Root Mean Square and Sampling statistics 

method 
 
In order to quantify the uncertainty of maximum 

fuel temperature calculation, two uncertainty 
analysis method, the Root Mean Square (RMS) 
method and sampling statistics method, have been 
used. RMS method is widely used in engineering for 
the advantage on less computation time and 
reasonable result. RMS method for uncertainty 
analysis can be outlined as following. First, the 
simulation code is run with one input parameter 
changed separately with a fixed variation to obtain 
the corresponding variation of the target parameter. 
Second several simulations are executed with other 
input parameters changed to obtain a number of 
variations of target parameter. Then the uncertainty 
information is obtained by solving the root mean 
square of these variations. 

The sampling statistics method based on Monte 
Carlo method is accepted as a more realistic method 
to carry out sensitivity and uncertainty analysis. But 
it needs a large number of case simulations and the 
time cost is lager. The probability distribution of the 
uncertainty parameters must be defined if using 
sampling statistics method. Then simple random 
sampling or Latin Hypercube Sampling [2] method 
is used to produce the input parameters sampling 
matrix for case simulation. Several corresponding 
simulations are performed with original computer 

codes. Each simulation generates one possible 
solution of the system and the standard deviation and 
distribution of all results together represent the 
uncertainty information of the target parameter. A 
code for uncertainty and sensitivity analyses (CUSA) 
has been developed based on the sampling statistics 
theory, which can be coupled with physics or 
thermohydraulic simulation program for HTR, such 
as the software VSOP [3] and THERMIX [4]. 

 
II.B. The source of uncertainty for maximum fuel 

temperature calculation 
 
Taking into account of the most unfavorable 

initial state, some input parameters are identified 
through analysis of the process of decay heat 
production and removal. At the same time the 
probability distribution type and variation range are 
also determined by the experimental data or material 
characteristics or numerical simulation results. Then 
through the preliminary sensitivity analysis of these 
elements via the THERMIX simulation and some 
related articles [5, 6] eight important parameters are 
selected for this study: total reactor power, spatial 
distribution of decay heat of the zone in which the 
fuel temperature will rise to the maximum, decay 
heat production rate, effective conductivity 
coefficient of the pebble bed, conductivity of 
graphitic matrix material, specific heat capacity of 
the fuel elements, effective conductivity and specific 
heat capacity of the reflector graphite, as shown in 
table 1. 

 
Table 1:  Input parameters for uncertainty study

A random sample matrix of size with a 95% 
confidence level for the eight input parameters from 
its probability distribution is generated by CUSA 

code. The minimum number of code calculations  is 
93 to ensure the uncertainty result for maximum fuel 
temperature with the (95%, 95%) two-sided 

Input parameters Mean value Standard deviations PDF type 

Reactor power 250MW ±5(2%) Normal or Uniform 

Spatial distribution of decay heat 
adjustment factor 1 ±0.05(5%) Normal or Uniform 

Decay heat adjustment factor 1 ±0.0285(2.85%) Normal or Uniform 

Pebble bed effective conductivity 
adjustment factor 1 ±0.05(5%) Normal or Uniform 

Graphitic matrix material conductivity 
adjustment factor 1 ±0.07(7%) Normal or Uniform 

Fuel elements specific heat capacity 
adjustment factor 1 ±0.029(2.9%) Normal or Uniform 

Reflector effective conductivity adjustment 
factor 1 ±0.05 (5%) Normal or Uniform 

Reflector specific heat capacity adjustment 
factor 1 ±0.05 (5%) Normal or Uniform 
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tolerance limits, which is determined by Wilks’ 
equation [7]. The first 10 of the final sample values 
of the eight input parameters with normal 
distribution is shown in Table 2. Then the 
corresponding 93 simulations are performed with the 
THERMIX code and each simulation generates one 
possible maximum fuel temperature value under 
DLOFC accident. All solutions together represent the 
probability distribution of the maximum fuel 

temperature. Finally statistical analysis and 
correlation analysis are conducted between the input 
parameters and output results using CUSA code to 
obtain the quantitative sensitivity and uncertainty 
information of the maximum fuel temperature. At the 
same time the probability distribution of the 
maximum fuel temperature is confirmed by a K-S 
test [8] module in the CUSA package. 

 
Table 2:  The first ten of the final sampling values generated by CUSA for THERMIX 

 
The uncertainty information of maximum fuel 

temperature can be also obtained by using RMS 
method. 

 
Ⅲ. UNCERTAINTY ANALYSIS 

 
Ⅲ.A. Uncertainty analysis using sampling 

statistics method 

 
K-S test is performed on the 93 calculated values 

of the maximum fuel temperature of HTR-PM under 
DLOFC to determine the properties of the unknown 
statistical distributions. The K-S test results for the 
93 maximum fuel temperature are presented in Table 
3. 

 
Table 3:  The K-S test results for the maximum fuel temperature 

 
An illustration of the K-S test is shown in Figure 

1 to Figure 2 with the different distribution type of 
input parameters, where the maximum fuel 
temperature results are compared with two possible 
distributions: Normal and Poisson distribution. 
Figure 1 and Figure 2 indicate that the distribution 
type of the maximum DLOFC fuel temperature is not 
affected by the distribution type of input parameters. 
Both tests confirm that Normal distribution and 

Poisson distribution fits provide the best match for 
the maximum fuel temperature no matter with the 
distribution type of input parameters. 

The mean and (95%, 95%) two-side tolerance 
limits of the maximum DLOFC fuel temperature of 
HTR-PM are shown in the Table 4. 

As seen in Table 4, the mean value of the 
maximum DLOFC fuel temperature is 1494.7°C with 
the input parameters of Normal distribution and for 

Reactor 
power 
/MW 

Spatial 
distribution 

of decay heat 

Decay 
heat 

Pebble bed 
effective 

conductivity 

Graphitic 
matrix material 

conductivity 

Fuel 
elements 
specific 

heat 
capacity 

Reflector 
effective 

conductivity 

Reflector 
specific 

heat 
capacity 

244.3532 0.93733 0.98545 1.07139 0.90994 1.03822 0.96247 0.92259 

247.1708 1.05488 0.99861 1.00914 1.05747 0.98749 0.94223 0.9752 

248.8536 0.92553 1.00502 0.94098 1.0655 1.00955 1.07849 1.00724 

257.2682 0.99821 0.96385 1.07344 1.03947 0.98492 1.04296 0.92652 

251.5313 1.0317 1.02855 1.01827 1.04104 0.9988 0.93537 1.00364 

246.3816 1.05256 1.01081 0.98742 1.05549 1.0052 1.04094 0.92062 

245.0719 0.91612 0.99051 1.06641 1.1195 0.96323 1.04624 0.96656 

253.7703 0.95099 1.02576 0.99117 1.11311 1.02928 1.02714 0.96154 

257.6302 1.05924 0.98987 1.08506 1.07339 1.01062 1.03028 0.93215 

253.4015 0.95288 1.02004 1.08453 0.90122 0.9903 1.0387 1.03179 

The distribution type of input 
parameters 

Level of significance for goodness of fit 

Normal Poisson Uniform T Exponential 

Normal 0.84909 0.848124 0.77809E-05 0.33708E-14 0.95041E-30 

Uniform 0.91106 0.906461 0.93419E-02 0.95235E-16 0.15706E-29 
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Uniform distribution the mean value is 1494.5°C, 
which indicates that the mean value is less affected 
by the distribution type of the input parameters. 
Compared with the mean value, the uncertainty of 
the maximum fuel temperature is more affected as 
shown in Figure 3 and Figure 4. 
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Figure 1:  CDF and fitted Normal distribution results 
with the input parameters of Uniform distribution 
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Figure 2:  CDF and fitted Poisson distribution results 

with the input parameters of Normal distribution 

 
Table 4: The uncertainty results of the maximum fuel temperature of HTR-PM 

As a result, the input uncertainties in these eight 
parameters lead to (95%, 95%) two-sided tolerance 
limits between ±76.6°C (5.13%)and ±79.4°C (5.31%) 
around the mean value of 1494°C for the maximum 
fuel temperature under DLOFC accident in HTR-PM. 
 

 
Figure 3:  The maximum fuel temperature with the 

input parameters of Normal distribution 

 
Figure 4: The maximum fuel temperature with the 

input parameters of Uniform distribution 
 
Ⅲ.B. Uncertainty analysis using RMS method 

 
For simulating the DLOFC events in HTR-PM, 

eight THERMIX runs are performed with the eight 
input parameters changed by its maximum rate of 
change separately, which is equal to standard 
deviation of the input parameters. Then eight 
variations of the maximum DLOFC fuel temperature 
of HTR-PM are obtained as shown in Table 5. 
Ignoring these variations of input parameters, the 
maximum fuel temperature is 1492.4°C, which is 
mostly equal to the mean value of 1494°C for the 
maximum fuel temperature gained by sampling 
statistics method. 

Input data (95%, 95%) two-side tolerance limits 

Distribution type Number of code 
runs Mean(℃) Standard 

deviation 
Upper /Lower 

limits(℃) Uncertainty 

Normal 93 1494.7 39.7 1574.1/1415.3 5.31% 

Uniform 93 1494.5 38.3 1571.1/1417.9 5.13% 
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Table 5:  The variations of the maximum fuel temperature 

 
Based on the results, the uncertainty of the 

maximum DLOFC fuel temperature due to the 
uncertainties in these eight parameters can be 
quantified by the eq.1. 

2 2 2 2 2 2 2 214.5 12.3 20.6 22.4 15.5 6.1 2.4 1.4
39.7

T∆ = + + + + + + +
=

 (1) 

Considering the uncertainty value of all the input 
parameters is two standard deviations, the 
uncertainty of the maximum fuel temperature of 
HTR-PM under DLOFC accident is ±79.4°C 
(5.32%). In this case, the maximum fuel temperature 
will not exceed 1571.8°C, which has a 97.725% 
confidence level. 

In summary, numerical results show that the 
uncertainty of maximum fuel temperature calculation 
is almost same. The mean value of maximum fuel 
temperature of HTR-PM is 1494°C and the two 
standard deviation uncertainty is between ±76.6°C 
(5.13%) and ±79.4°C (5.32%) using sampling 
statistics method and the two standard deviation 
uncertainty is ±79.4°C (5.32%) using RMS method. 

 
Ⅳ. MECHANISM ANALYSIS OF THE 

DIFFERENCE BETWEEN THE TWO METHODS 
 
The system of HTR-PM maximum fuel 

temperature calculation has nonlinear characteristics 
and a number of input parameters work together to 
influence the maximum fuel temperature under 
accident conditions, which can be described by a 
nonlinear mathematical form  

1 2( , , , )ny f x x x=                     (2) 
Wher y represents the maximum fuel 

temperature and 1 2, , , nx x x represent input 
parameters for the calculation model. In the 
calculation model each input parameter has a certain 
uncertainty around the mean value, which may lead 

to a certain uncertainty for the calculated maximum 
fuel temperature. Using a Taylor series expansion for 
y around the mean value of x  gives 

1

2

1 1

( ) ( ) ( )

1 ( ) ( )( )
2!

N

x x i i
i i

N

x x i i j j
i j i j

fy f x x x
x

f x x x x
x x

=< >
=

=< >
= =

∂
= < > + × − < > +

∂

∂
× − < > − < > +

∂ ∂

∑

∑ 

(3) 

In fact the variance of input parameters is 
relatively small. Then the higher order term of the 
above expression can be ignored, in this case the 
HTR-PM system can be considered as linear system. 
It is also assumed that there is no correlation 
between the input parameters. Then 

1

n

i i
i

y a x C
=

= +∑                              (4) 

Where C is constant. Assuming that the 
probability distribution of input parameters is 
Normal distribution and the variances of input 
parameters are 2 2 2

1 2, , , nσ σ σ and the expected 

values are 1 2, , , nµ µ µ . So the variance of the 
target parameter y is given by 

2 2

1
( )

n

i i
i

Var y a σ
=

=∑                       (5) 

The standard variance gained from eq.5 
represents the uncertainty of target parameter based 
on the sampling statistics method and academics 
agrees that the uncertainty information obtained by 
this method is more realistic. 

If RMS method is used to identify the uncertainty 
of the target parameter, the variance of the target 
parameter caused by variance in one input parameter 
is given by 

( )i i i i i i i iy a x a x aσ σ∆ = + − =           (6) 

Input parameters Maximum input rate of change Variations of the maximum fuel temperature (℃) 

Reactor power ↑2% ↑14.5 

Spatial distribution of decay heat ↑5% ↑12.3 

Decay heat ↑2.85% ↑20.6 

Pebble bed effective conductivity ↓5% ↑22.4 

Graphitic matrix conductivity ↓7% ↑15.5 

Fuel elements specific heat capacity ↓2.9% ↑6.1 

Reflector effective conductivity ↓5% ↑2.4 

Reflector specific heat capacity ↓5% ↑1.4 
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So the total uncertainty of target parameter 
caused by all the input parameters is given by 

2 2 2

1 1

n n

i i i
i i

y a σ
= =

∆ =∑ ∑                       (7) 

The root mean square of the variances of the 
target parameter represents the uncertainty 
information. Comparison between eq.5 and eq.7 
shows that uncertainty information of the target 
parameter obtained by sampling statistics method 
and RMS method is same when there is no 
correlation between input parameters for linear 
system.  

Assuming the system is linear, but there is 
correlation between the input parameters. In this case 
the variance of y obtained by the sampling statistics 
method is given by 

2 2
,

1 1, 1
( )

n n

i i i j i j i j
i i j

Var y a a aσ r σ σ
= = =

= +∑ ∑    (8) 

Where ,i jr represents the correlation coefficient 

between ix and jx . The uncertainty is also obtained 
by eq.7 if using RMS method. In this case the 
uncertainty information obtained by RMS method 
will be distorted and cannot reflect the true 
uncertainty of the target parameter. 

Considering the system is nonlinear but the 
nonlinear characteristic is not obvious. At the same 
time assuming that there is no correlation between 
the input parameters. Then eq.3 can be expressed in 
the following form 

2

1 1

n n

i i i i
i i

y a x b x C
= =

= + +∑ ∑              (9) 

The variance of y is given by 

2 2 2

1 1
( ) ( )

n n

i i i i
i i

Var y a bVar xσ
= =

= +∑ ∑   (10) 

Where  
2 4 2 2( ) ( ) ( )i i iVar x E x E x= −          (11) 

The probability distribution of input parameters 
is Normal distribution and y is expanded in a Taylor 
series around the mean value of x. According to the 
Normal distribution characteristics the second order 
non-central moment and the fourth order non-central 
moment are given by 

4 4 2 2 4

2 2 2

( ) 6 3

( )
i i i i i

i i i

E x
E x

µ µ σ σ

µ σ

= + +

= +
         (12) 

So the variance of target parameter y is given by 

2 2 2 2 2 4

1 1

2 4

1

( ) (4 )
n n

i i i i i i
i i

n

i i
i

Var y a b

b

σ µ σ σ

σ

= =

=

= + +

+

∑ ∑

∑
(13) 

Based on the RMS method, the variance of y 
caused by variance in one input parameter is given 
by 

2 2

2

( ) ( )

2
i i i i i i i i i i i

i i i i i i i

y a x b x a x b x
a b b

σ σ

σ σ µ σ

∆ = + + + − −

= + +
(14) 

Then we have 
2 2 2 2 2 2 4

1 1

2 3 2 3

(4 )

(4 2 4 )

n n n

i i i i i i i
i i i

n

i i i i i i i i i i
i

y a b

a b a b b

σ µ σ σ

σ µ σ σ µ

= =

∆ = + +

+ + +

∑ ∑ ∑

∑
  (15) 

Compared with the difference between eq.13 
and eq.15, when the system has nonlinear 
characteristics the uncertainty information obtained 
by RMS method will be distorted even if there is no 
correlation between the input parameters. If the 
higher order terms are also considered or the system 
has obvious nonlinear characteristics, the root mean 
square would no more reflect the true uncertainty of 
the target parameter. The conclusion is same when 
the probability distribution of input parameters is 
Uniform distribution.  

In this paper it is assumed that there is no 
correlation between the eight input parameters. In 
order to study the characteristics of the HTR-PM 
system more clearly, some research has been done on 
the variation tendency when each input parameter 
changes as shown in Figure 5 and Figure 6. 
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Figure 5: The variation tendency of the maximum 
fuel temperature when power changes 
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Figure 6: The variation tendency of the maximum 
fuel temperature 
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Figure 5 and figure 6 illustrate that the maximum 
fuel temperature and reactor power, decay heat and 
pebble bed effective conductivity almost appear 
linear relationship. The linear relationship between 
maximum fuel temperature and spatial distribution of 
decay heat, graphitic matrix material conductivity 
and fuel elements specific heat capacity is a bit poor. 
But the reflector effective conductivity and specific 
heat capacity have little effect on the maximum fuel 
temperature. So the nonlinear characteristic of HTR-
PM system is not significant because of small 
variance of input parameters. 
 

Ⅴ. CONCLUSION 
 

Form the above discussion it is known that the 
uncertainty information of the target parameter will 
be same when there is no correlation between input 
parameters for linear system. Otherwise the 
uncertainty information obtained by RMS method 
will be distorted and cannot reflect the true 
uncertainty of the target parameter. In this paper the 
nonlinear characteristic of the maximum fuel 
temperature calculation model of HTR-PM is not 
significant because of small variance of input 
parameters and there is no correlation between input 
parameters, so the uncertainty analysis results of the 
maximum fuel temperature of HTR-PM are almost 
same by using RMS and sampling statistics methods. 
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